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Abstract

The Monte Carlo (MC) method based on the rotational-isomeric-state (RIS) model is adopted in studying the elastic
behavior of poly(ethylene terephthalate) (PET) chains in this paper. The mean-square end-to-end distance (Rz), the
mean-square radius of gyration ($%), and the ratio of (R?)/(S?) all increase with elongation ratio 4. The interior con-
formations are also investigated through calculating the a priori probability of rotational state in the process of tensile
elongation. The radius of gyration tensor S is introduced here in order to measure the shape of PET chains, and
(L3)/(L3) increases with elongation ratio /1, however, some different behaviors are obtained for (L3)/(L?). Here L3,
L% and L} are the eigenvalues of the radius of gyration tensor S(L} < L3 < L3). The average energy per repeat unit
(U) and the average free energy per repeat unit (4) are also calculated, and we find that the average energy decreases
with elongation ratio 4, however, the average free energy per repeat unit increases with elongation ratio 1. Elastic force
f, energy contribution to force fy, and entropy contribution to force fs are also investigated. Both elastic force f and
entropy contribution to force fg increases with A, however, energy contribution to force f;y and the ratio fi/f decreases
with 1. The ratio of fi/fis less than zero and almost independent of chain length. The results of these microscopic cal-
culations may explain some macroscopic phenomena of rubber elasticity.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction not been fully understood yet. The earliest elasticity

experiments involved stress—strain—temperature relation-

Rubber elasticity is an important phenomenon in
polymer physics. Although the molecular origin of the
elastic force in a rubber-like material has been known
for a quite some time, the relationship between the
deformations at macroscopic and molecular levels has
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ship, or network “thermoelasticity”, first carried out
many years ago, by Gough, back in 1805, and more
qualitatively by Joule in 1859 [1-3], and the results
implicated entropy decreases as the origin of the restric-
tive force. This is the important experimental fact that
mechanical deformations of rubber-like materials gener-
ally occurred at essentially constant volume, so long as
crystallization was not induced [2]. In the 1930s, Kuhn,
Guch, and Mark first began to develop quantitative the-
ories to study rubber elasticity using the Gausssian chain
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model [1,2]. Later, non-Gaussian theories have also been
developed [4.,5], and Abe and Flory put forward the
rotational isomeric state (RIS) theory based on the ef-
fects of elongation of a polymer chain on the apportion-
ment of its bonds and bond sequences among various
RIS [6]. Mark and Curro investigated rubber-like elas-
ticity basis of distribution functions for end-to-end sep-
aration r of polymer chains using the Monte Carlo
method [7,8]. However, energy contribution to elastic
force is ignored in those investigations. In fact, energy
change always exists in the process of tensile elongation.
For example, the average energy per bond is about 1000
J/mol for polymethylene chain at 413 K [9], however, the
average energy per bond is almost close to zero at the
ultimate tensile elongation because all rotation states
are almost in the trans conformations when A=2..y.
Therefore, energy contribution to elastic force should
be considered [10-13]. We all know that the number of
conformations for long polymer chains is very large,
so it is difficult to study the statistical properties of poly-
mer chains using the enumeration calculation method,
especially for long polymer chains. The Monte Carlo
(MC) method is widely used in studying the statistical
properties, as well as the elastic behaviors of polymer
chains [11,14-17]. In this paper, we use the MC method
to get a great deal of poly(ethylene terephthalate) (PET)
chains with different repeat units, then investigate the
elastic behavior of PET chains with considering the rota-
tional isomeric state model, especially discuss the energy
and entropy contributions to elastic force. Of course, the
statistical properties such as the dimensions and interior
conformations of PET chains are also discussed here.

2. Method of calculation

The rotational-isomeric-state (RIS) model of Wil-
liams and Flory for PET chain is adopted here [18].
The trans- and cis-isomers of 6-bond repeat unit struc-
ture are shown in Fig. 1. Here /; is the bond length,
and 0, represents the valence angle supplement. The geo-
metrical parameters taken from Williams and Flory
[18,19], are as follows: /| = I5 = I = 0.134 nm (C' de-
notes the carbonyl carbon atom), [,=Ils=I/o_c=0.144
nm, /5=Ic_c=0.153 nm, /,=0.574 nm (virtual bond),
0,=0,=66°, 03=05=67°, and 0,=05="70°, respectively.

According to Flory’s RIS model of PET chain, the
statistical weight, uy,.;, associated with a rotational state
n of skeletal bond i is also dependent upon the state { at
bond i— 1, and the value is related to the corresponding

rotational energy, Eg,.;, as follows:

E'» i
u';n:i = eXp (_ Rs_}) (1)

here R is the gas constant and 7 is the absolute temper-
ature. The statistical weights matrices for the six skeletal

frans 1.095nm >
z 0 5
i 12 i
! 13 1y I6_O
E 4\,5\/6
1 3 5
o)
o
< 0.538nm -
) 16_—0
cis | 7/5/6
144
/
P3
1 13
2
o1 o
1
o]

Fig. 1. Trans- and cis-PET repeat-unit structures, skeletal
atoms are labelled 1-6, and bond lengths are denoted /;.

bonds of the PET repeat unit (Fig. 1) are listed in the fol-
lowing equations [17]:
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In this model, the rotational angles of gauche conforma-
tional states of bonds 4-6 are at @,.==%120°. Here
g;=exp (—E/RT), and w=exp(—E,/RT), and the ener-
gies associated with the statistical weights a4, 05, ag,
and o, are E,=E.,=1.75 kimol™!, E,s=-4.16
kJmol ™! and E,=5.80 kJmol ' [17]. In this paper, all
properties are discussed at 7=523 K.

It is well known that the appearance probabilities of
the states g, t and g* are related to the above six statis-
tical weights matrices U;=[us,,]. According to these
matrices, we can get the corresponding probabilities
matrices P;=[p;,,]. From U, to Us;, the statistical
weights are all equal to zero except for {=#n=t. That
means in one repeat unit from the first atom to the third
atom all fall in trans state, and Py~ P5 only has the a pri-
ori probability p,,=1.0, while the a priori probability
Diy:i of relevant bond pairs in states ( is defined by [9]

,0InZ
pgﬂ;i - (l’l 2) augn:i
The results of n=180 (x=30 repeat unit) of PET chains
are listed here:

(i=4,5,6) (8)

g t gt
P = gt (i = 4,5,6)
g+
[0 0 0
Py = | 02424 0.5152 0.2424 (9)
0 0 0

[0.1385 0.0674 0.0365]
Ps= 02072 0.1008 0.2072 (10)
10,0365 0.0674 0.1385 |

r0.1385 0.2072 0.03657
Pg=10.0674 0.1008 0.0674 (11)
L0.0365 0.2072 0.1385]

In our Monte Carlo procedure, we use a computer sim-
ulated random process to produce a random number,

(a) (b)

Fig. 2. Conformations of an isolated chain (a) and of a chain
with a force acting on (b). The minimum of the end-to-end
distance increases from ry, to rmin +7 in the process of tensile
elongation.

and the ith atom’s position depends on the position of
the (i—1)th atom and the probability of p;,.;.

When a force f'acts on the PET chains, the atoms in
the PET chains elongate the distance r along the force
direction, while compressed and drawn back ' in the
vertical of the force direction, and a lot of conforma-
tions would vanish. If the force =0, this is the isolated
chain, and the minimum of the end-to-end distance is
Fmin (see Fig. 2(a)). If f'# 0, the minimum of the end-
to-end distance becomes r,;, +r (see Fig. 2(b)). If we as-
sume that the force f'is in the direction of the x-axis, the
partition function of the system is:

2(r) = 3 exp(~E,/RT) (12)

here }; is the sum of the conformations whose x-axis
component of end-to-end distance is greater than r,
meanwhile the y- and z-axis components of end-to-end
distance are less than ry .x—7" and r. . — 7', respec-
tively. Of course, it is very difficult to calculate the par-
tition function of long PET chains according to Eq. (12)
as the number of conformations is very large. Here we
introduce the parameter of the distribution probability
P.(r), and the distribution probability P.(r) with the
x-axis component of end-to-end distance is greater than
r, meanwhile the y- and z-axis components of end-to-end
distance are less than 7, max — 7" and 7. max — ', can also
be obtained from following equation:

P(r):;exp( E,/RT):@ 0
* VA VA

where Z is the partition function without elongation,
and can be obtained from successional multiple of the
statistical weights matrices [9]. If we can know distribu-
tion probability P.(r), we can obtain Z(r) exactly from
Eq. (13). Here we use Monte Carlo simulation method
to calculate the distribution probability P.(r). In our
Monte Carlo simulation, Cg is the number of samples
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and C, is the number of samples whose x-axis compo-
nent of end-to-end distance is greater than r, meanwhile
the y- and z-axis components of end-to-end distance are
less than ry max—# and r.ymax—#, respectively. There-
fore, distribution probability P.(r) is

C,
P(r)=— 14
() = (14)
So the partition function Z(r) is
Z(r)=Z x % (15)

Deformation along one of the axes independently de-
creases the number of chain conformation. The elonga-
tion ratio A, and the compression ratio /. are obtained
from the root-mean-square of end-to-end distance
(RZ)(I,/ * of PET chains without deformation:

R (R
e = >3 e = 73 (16)

(R7)g (R%)g
In this paper, we only consider the case of simple elon-
gation A,=/.=4, and A, =l =2 =4 ="
From the partition function, we can derive the average
free energies of PET chains under various elongation
ratios /4

(4) = —RT'In Z(r) (17)
_ RT* dZ(r)
V) =705 ar (18)

In the meantime, elastic force f'can be obtained from the
dependence of (A4) on the elongated distance along the
force direction [2,11-13]:
0(4)

or
According to Newton’s third law, the force fis the elastic
force stored in the polymer chains. The energy elastic
contribution to the elastic force f; is also defined by

o)

fo="o (20)

We know (4)=(U)—TS, so we can also calculate the
entropy contribution to the elastic force fs

CB s e

f= (19)

fs =

3. Results and discussion

3.1. Average conformations of PET chains

In order to find out the interior conformation
changes in the process of tensile elongation, we first cal-
culate the a priori probabilities for bonds 4-6, and the
results are shown in Fig. 3. Here the number of repeat
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Fig. 3. The probabilities of rotational states of three consec-
utive bonds P4—Pg as a function of elongation ratio A with chain
length of n=60 bonds (10 repeat units).

unit of PET chain is x=10 (the number of bonds of
PET chain is 60). The probability P, is defined by the
following equation:

Py= > pp (i=4,5, or6) (22)

(=g~ .t.g"
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From these curves, we can obtain much significant infor-
mation. The situations of P, and Py are very similar in
Fig. 3(a) and (c). The probability of state ¢ are far great-
er than that of state g~ or g*, and almost close to twice
as large as state g~ or g*. The difference between states
g and g* is not very obvious here. Furthermore the
value of P4 (or P,c) increases slowly with / at small
elongation ratio 4, however, it increases relatively fast
with 4 when 4>2.50. In the meantime, P,-4(Pg+.4), Or
P, 5(Pg+) reduces slowly at the beginning of tensile
elongation and decreases relatively fast when 1>2.50.
However, the relative different behavior is obtained in
Fig. 3(b). In Fig. 3(b), the value of P,-, (or P,+, or
P,¢) changes a little in the process of tensile elongation.
For example, P, increases a little in the region of
A>2.2, and decreases slowly when />2.2. Through our
calculations, we can know the changes of the interior
conformations of PET chains clearly. Therefore, we
can make the conclusion that in one PET repeat unit,
the 4th and 6th bonds tend to be in the state ¢ while
the 5th bond inclines to be the state g~ or g* in the pro-
cess of tensile elongation.

The mean-square end-to-end distance (R?) and the
mean-square radius of gyration (SZ) are also investi-
gated here, and the results are given in Figs. 4 and 5.
In Fig. 4, the characteristic ratio of the mean-square
end-to-end distance (R?),/nl; without elongation is
3.03 for n=180 (x=30), which is close to the theoretical
result of ((R*),/nl3).. = 3.10. In the process of tensile
elongation, the characteristic ratio of mean-square
end-to-end distance (R?),/nl; increases with elongation
ratio 1. In Fig. 5, we also plot the ratio of (R*)/(S?) as
a function of elongation ratio A. For an isolated PET
chain (1=1.0), the ratio of (R*)/(S?) is 6.67, 6.37, and
6.29 for n=60 (x=10), 120 (x=20), and 180 (x=230),
respectively, which is greater than that of random walk-
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Fig. 4. Characteristic ratio of mean-square end-to-end distance
(R*)/nl5 as a function of elongation ratio / for PET chains with
chain length of n=60, 120, and 180 bonds. Here
L=@+L+5+0L+5+1)/6.

1.0 1.5 2.0 25 3.0
elongation ratio A

Fig. 5. The ratio of (R?)/(S?) as a function of elongation ratio 2
for PET chain with x=10, 20, and 30 repeat units.

ing chain [20]. Of course, if the PET chain is long
enough, the ratio of (R*)/(S?) may be close to 6.0 of ran-
dom walking chain. When the force f acts on the PET
chains, the chains are elongated along the force direc-
tion, and become more flat shapes. This leads the value
of (R?/(S%) to increase.

In order to investigate the shape of PET chains in the
tensile elongation in more detail, here we consider the
radius of gyration tensor S, defined as:

L Se Sy Se
— T _
S= ZO:S,-S, =|S: S, S, (23)
= SZX Szy Szz

Here S;=col(x;,y;,z,) is the position of atom i in a frame
of reference with its origin at the center of mass. The ten-
sor S can be diagonalized to form a diagonal matrix with
three eigenvalues L?, L3 and L2 (L? < L3 < L3). Solc and
Stockmayer first used (L?):(Z3):(L3) to measure the
shape of flexible polymer chains [21,22], and they esti-
mated the ratio to be 1:2.7:11.7 based on a random walk
of 100 bonds on a simple cubic lattice using Monte Car-
lo (MC) technique [21,22]. Here we get the ratios of
1:3.7:19.2, 1:3.2:15.7 and 1:3.1:14.6 for 10-, 20- and 30-
repeat-unit PET chains without elongation, and all
greater than that of random walking chains. The reason
may be that the number of bonds is not large enough. In
Fig. 6, we find the tendency of (L3)/(L}) and (L3)/(L})
for PET chain without elongation (4=1.0) is close to
2.7 and 11.7, respectively when PET chains become long
enough. In the process of tensile elongation, we find the
behaviors of (L2)/(L?) and (L2)/(L?) are different. In
Fig. 6(a), (L3)/(L}) increases with elongation ratio /4 in
the region of 2=1.0-2.5, then decreases with elongation
ratio A when />2.5. However, in Fig. 6(b), (L3)/(L?) in-
creases with elongation ratio, especially for n=60, here n
is the number of bonds of PET chains. It is visually
pictured as a 3D-globe in Fig. 6(a) that when we act a
force along the direction of (L2), the directions of (L%)
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Fig. 6. The ratios of (L3)/(L}) and (L3)/(L}) as a function of elongation ratio Z for PET chain with x=10, 20, and 30 repeat units.

and (L?) compress accordingly. In Fig. 6(a), when the
elongation ratio 42.5, (L) changes faster than (L3),
therefore, this leads the ratio of (L2)/(L?) to increase.
However, when 1>2.5, (L) changes slower than (L?),
and this leads the ratio of (L3)/(L?) to decrease. So we
can find the tendency of ratio of (£2)/(L?) in Fig. 6(a).
PET is not very symmetrical molecule so different direc-
tions have different reactions to the force. When n=60
(x=10), the ratio of ({(L2)/(L?)),..:((L3)/{L3})),;, is close
to 15.22. However, when n=180 (x=30), the ratio of
(LY /(L)) s (LD /LD,y decreases to 4.78. In a
word, the shape of PET chain becomes flat in parallel
to the direction of force in the process of tensile

elongation.
3.2. Thermodynamics properties of PET chains

In fact, energy changes always exist in the process of
tensile elongation. The changes of average conforma-
tions lead to change of thermodynamics properties of
PET chains. Here we first calculate the average energy
and the average free energy per repeat unit according
to Egs. (17) and (18), and the results are shown in Figs.
7 and 8, respectively. In our Monte Carlo simulation,
Cs, the number of samples, is equal to 10,000,000.

The average energies per repeat unit decrease with
elongation ratio A and the value of 30-repeat-unit PET
chain is greater than that of 20-repeat-unit (or 10-re-
peat-unit) PET chains with the same elongation ratio A
in Fig. 7. When elongation ratio A reaches to the range
of 2.45-2.55, the curves fall down much evidently. In
the Gaussian or non-Gaussian chain model of rubber
elasticity [2], it is supposed that the change of energy is
zero (AU=0) in the calculation of shear stress. We find
out that the change of energy (AU) is small for small-
scale deformation, especially for long PET chains, indi-
cating the agreement between the theoretical curve of
the Gaussian chain model and the experimental curve
for small elongation [2,23]. But for large-scale deforma-
tion, the average energies abruptly decrease with elonga-
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Fig. 7. Average energy per repeat unit (U) as a function of

elongation ratio A for PET chains with x=10, 20, and 30 repeat
units.
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Fig. 8. Average free energy per repeat unit (4) as a function of
elongation ratio A for PET chains with x=10, 20, and 30 repeat
units.
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tion ratio A, and this may be the reason why there are
large deviations between the theoretical and experimen-
tal results [2,23].

The average free energies per repeat unit in Fig. 8 are
contrary to the above average energies, and increase
with elongation ratio A. The curve of short PET chains
is less than that of long PET chains in the region of small
elongation ratio 4, and greater than that of long PET
chains in the region of large elongation ratio A. In the re-
gion 1=2.45-2.55, the average free energies per repeat
unit for different chain lengths are almost the same.

According to Egs. (19) and (20), the elastic force
stored in the PET chains can be calculated. As elastic
force f is the free energy’s derivative with respect to r,
so Egs. (19) and (20) could be rewritten as [24,25]:

. A
7= tm 5 )
o= fim 500 2

In our calculation, Ar = 0.05 x (R?)}/*, and the results
are shown in Figs. 9-11.

In Fig. 9, the elastic force per repeat unit increases
with elongation ratio /4 for different PET chains. The
elasticity ties in the length of the spring and stores in
the spring chains naturally; the elastic force increases
with elongation certainly. At the same time, the energies
contribution to elastic force fi; is shown in Fig. 10. The
value of fy; is all less than zero. For small elongation
ratio 4, fy decreases gradually with elongation ratio 4,
but fluctuate remarkably for large elongation ratio 4,
especially for short PET chains. On the one hand, the
number of bonds is too small to affect the statistical re-
sults; on the other hand, just like the spring, elongation
ratio A is too big to destroy the elastic of the polymer
chains and that brings the fluctuation of f.
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Fig. 9. Elastic force per repeat unit f as a function of elongation
ratio A for PET chains with x=10, 20, and 30 repeat units.
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Fig. 10. Energy contribution to elastic force per repeat unit fy;
as a function of elongation ratio / for PET chains with x=10,
20, and 30 repeat units.
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Fig. 11. Entropy contribution to elastic force per repeat unit f
as a function of elongation ratio A for PET chains with x= 10,
20, and 30 repeat units.

From the knowledge of thermodynamic statistical
physics, we all know Eq. (26):

(4) = (U) — TS (26)

Here S is the entropy of PET chains. From the force f
and the energies contribution to elastic force fy, we
can know that the entropy contribution to elastic force
fs can be written as:

fs =1 —tu, (27)

In Fig. 11, we plot the entropy contribution to elastic
force fs as a function of elongation ratio 4. Here the
curve is similar to the elastic force fy, and entropy S
indicates the chaos degree of the system, so the PET
chains tend to be disordered with elongation ratio 4,
especially for short PET chains.
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Fig. 12. The ratio fi/f as a function of elongation ratio 4 for
PET chains with x=10, 20, and 30 repeat units.

The ratio f/f is also calculated, and the results are
given in Fig. 12. We find that the ratio f/f decreases
with A, and the ratio is less than zero and almost inde-
pendent of chain length. In fact, f/f can be obtained
by experimental method, therefore, the ratio fy/f is an
important parameter in statistical properties of polymer
chains. Those investigations may provide some insights
into the macroscopic phenomena of rubber elasticity.
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